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Stock and Watson (2007), 11.1, 11.2, Appendix 11.1 (**)

INTRODUCTION
The relationship between Y and X may not be a straight line, so this section of the course explores nonlinear regressions.
A common example is when the dependent variable Y is binary:


Did a program impacted the decision of individuals attend college?



Are the banks decisions on mortgages biased toward whites?



Were women more likely to vote for a woman in the last elections?

We will study two regression models for binary dependent variables


A linear probability model such as OLS



Probit model: using maximum likelihood estimation
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RECAP FROM API201 REGARDING PERCENT AND PERCENTAGE POINTS:


According to the Federal Reserve, the record of inflation in the United States over the previous 100
years (1917-2017) was 18.1%, registered the year after the end of World War II (1946). The year
after (1947), where the Marshall Plan was launched, ended with an inflation of only 8.8%.



Which of these statements regarding the event between 1946-1947 is true?
1. The inflation rate decreased 51.4 percent between 1946 and 1947.
2. The inflation rate decreased 9.3 percent between 1946 and 1947.
3. The inflation rate decreased 51.4 percentage points between 1946 and 1947.
4. The inflation rate decreased 9.3 percentage points between 1946 and 1947.
5. 1) and 4) are true
6. 2) and 3) are true
7. None of them is true

LINEAR PROBABILITY MODEL
The linear probability model (LPM) is equivalent to the regressions we have seen so far, only that Y is a
now dummy (not a continuous) variable:
𝑌𝑖 = 𝛽0 + 𝛽1 𝑋𝑖 + 𝑢𝑖
Just as before, we use OLS to estimate the coefficients (i.e. we find the line of best fit by minimizing the
sum of squared residuals)
Having a binary dependent variable changes how we interpret coefficients:
A one unit increase in X is associated
with a 100*𝛽1 percentage point change
in the probability that Y=1
Main advantage of the LPM: Coefficients are easy to interpret
Main disadvantage of the LPM: can be below zero or above one (not very sensible from a math standpoint)
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AN EXAMPLE: MARRIAGE IN MA
Consider a random sub-sample of Massachusetts residents aged 20-40 from the 2009 American Community
Survey.

0

.2

.4

married

.6

.8

1

Below is a graph of the relationship between an individual’s age and whether that individual has ever been
married.
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Here are some regression results from a linear multivariate probability model:
. reg married age female, robust
Linear regression

Number of obs
F( 2,
297)
Prob > F
R-squared
Root MSE

married

Coef.

age
female
_cons

.0464059
.0905176
-1.021862

Robust
Std. Err.
.0033925
.0462228
.0887222

t
13.68
1.96
-11.52

P>|t|
0.000
0.051
0.000

What is the estimated sample regression function?

How would you interpret the estimated coefficient on age?

How would you interpret the estimated coefficient on female?
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What’s the predicted probability of marriage for a:


40 year-old female?



20 year-old male?

Because the LPM can yield predicted values below 0 or above 1, some people argue that such models
should not be used.
̂ , the change in the probability of Y associated
We are, however, frequently interested not in 𝑌̂ but in ∆𝑌
with a change in X.
For this, the LPM performs well in many circumstances.


Particularly when making predictions based on values of explanatory variables near their sample
means.



We generally get predictions below 0 or above 1 only far from the mean value of X.

In practice, linear probability models are often used as first (and sometimes final) try for many kinds of
estimation tasks.
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PROBIT MODEL
The probit is a non-linear model that always predicts values between 0-1.
The probit model uses a standard normal cumulative distribution function (CDF) to model the probability
of Y=1:
Pr(𝑌 = 1|𝑋) = Φ(𝛽0 + 𝛽1 𝑋𝑖 )

Probit: 𝛽0 + 𝛽1 𝑋𝑖 yields z-value in the cumulative normal distribution.
What does it mean that the Probit model is non-linear?


Let us see how both the LPM and probit models fit the marriage data:



The probit’s slope predictions are similar to those of the LPM near X’s sample mean, but can differ
far from that sample mean.
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Key to remember when working with a probit model:


The coefficient’s sign and statistical significance can be read directly from the Stata output.



Unlike the LPM, the magnitude of probit coefficients have no direct interpretation because the
slope changes with X.



The only way to compute change in Y associated with a change in X is:



o

Compute the predicted probability for the initial value of X.

o

Compute the predicted probability for the changed value of X.

o

Take the difference of those two predicted probabilities.

Computing the predicted probability is done by plugging the value of X into the probit equation,
and looking for the result into the normal cumulative distribution function

COMPARING LPM AND PROBIT: AN EXAMPLE
We will ask how both models to predict changes in the probability of marriage between the ages 20 and 22,
and between 30 and 32.
Here is the output from the linear probability model (LPM):

What can you say about the relationship between age and marriage?
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What’s the difference between the predicted probability of marriage between:


20 and 22 year-olds?



30 and 32 year-olds?
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Here is the output from the probit model:

What can you say about the relation between age and marriage?

What’s the difference between the predicted probability of marriage between:


20 and 22 year-olds?
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30 and 32 year-olds?

Where did Stata gets this probabilities from?

Pr(𝑌 = 1|𝑋) = 𝛷 (−4.8286 + 0.1502 ∗ 𝑋𝑖 )
Pr(𝑌 = 1|𝑋 = 20) = 𝛷 (−4.8286 + 0.1502 ∗ 20)
Pr(𝑌 = 1|𝑋 = 20) = 𝛷(−1.82) = 0.0344 = 3.44%

1

Note the similarities and differences in the model’s predictions:

.8

Probit

.6

LPM

Married
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You might have guessed these patterns from graphs of predicted values.
Marginal effects in a probit model:


A simple way to generate interpretable probit coefficients is to use Stata’s “margins” command
after running a probit model.
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Comparing LPM and Probit models: The MA marriage example
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TAKEAWAYS
When our dependent variable is binary we can run a LPM or a Probit model.
LPM performs well in many instances, in particular when making predictions based on values of X’s near
their sample means.


LPM can yield predicted values below 0 or above 1, usually when estimating the probability for
X’s far from their mean value.

The probit is a non-linear model that always predicts values between 0-1; uses a standard normal CDF to
model the probability of Y=1.
Unlike in the LPM, the magnitudes of probit coefficients have no direct interpretation because the slope
changes with X; coefficients are better interpreted as probabilities, and change in probabilities.
Computing the predicted probability is done by plugging the value of X into the normal cumulative
distribution function.
The only way to compute change in Y associated with a change in X is:


Compute the predicted probability for the initial value of X.



Compute the predicted probability for the changed value of X.



Take the difference of those two predicted probabilities.
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BONUS: STATA’s “MARGINS” COMMAND IN A PROBIT MODEL
A simple way to generate interpretable probit coefficients is to use Stata's “margins” command after running
a probit model
This command evaluates the slope of the probit curve at a specific value of X to generate a marginal effect
(slope at that point X)
Typically, people evaluate the slope at the mean value of X


The mean age in this sample is 29.4 years old.
. margins, dydx(age) atmeans
Conditional marginal effects
Model VCE
: OIM

Number of obs

=

300

Expression
: Pr(married), predict()
dy/dx w.r.t. : age
at
: age
=
29.40959 (mean)

dy/dx
age

.0551015

Delta-method
Std. Err.
.0056533

z
9.75

P>|z|

[95% Conf. Interval]

0.000

.0440212

.0661818



What is the interpretation of the marginal effect estimated above?



For probits, additional explanatory variables complicate the picture slightly.



If we had used age and gender as explanatory variables, we could not simply calculate the
difference in marriage probability between 20 and 22 years old because that difference varies by
gender.



We would either have to calculate those probabilities separately for males and females or compute
the marginal effect of age at the mean age and mean gender (!) of the sample.
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BONUS: THE LOGIT MODEL
Sometimes – in situations where the dependent variable is binary – you will see a logit model, which uses
a logistics cumulative distribution – function to model the probability:
𝑃𝑟(𝑌 = 1|𝑋) =

1
1

+ 𝑒 −(𝛽0 +𝛽1 𝑋)

Logits are used in medical literature, where they are called logistic regressions and coefficients are reported
as odds-ratios.
Logits and probits generally yield similar results to each other because the two distributions have roughly
similar shapes.
Both logit and probit are also called methods of maximum likelihood estimators.
VOCABULARY


Percent versus percentage points: a percent is a number or ratio expressed as a fraction of 100.
Percentage point is the unit for the arithmetic difference of two percentages.



Binary variable: a variable that is either 0 or 1. A binary variable is used to indicate a binary
outcome. For example, X is a binary (or indicator, or dummy) variable for a person’s gender if X=1
if the person is female and X=0 if the person is male.



Linear probability model (LPM): a regression model in which Y is a binary variable.



Probit model: a nonlinear regression model for a binary dependent variable in which the population
regression function is modeled using the cumulative standard normal distribution function.



Standard normal cumulative distribution function (CDF): the CDF, which gives the probability that
a variate will assume a value equal or less than X, is then the integral of the normal distribution.



Bonus vocabulary:
o

Marginal effects in a probit model: show the change in probability when the predictor or
independent variable increases by one unit. Typically, people evaluate the slope at the mean
value of X. The slope parameter of the linear regression model measures directly the
marginal effect. The magnitude depends on the values of other variables and their
coefficients, that also are typically evaluated at their means.

o

Logit model: a nonlinear regression model for a binary dependent variable in which the
population regression function is modeled using the cumulative logistic distribution
function.

o

Maximum likelihood estimation: is a method of estimating the parameters of a statistical
model, by finding the parameter values that maximize the likelihood of making the
observations given the parameters.
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