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“An Introduction to
Rational Bubbles”

Miguel Ángel Santos



IESA	  – Rational	  Bubbles 2

Financial bubbles…
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Why financial bubbles/pyramid 

schemes arise?
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• Price earnings volatility exceed by a large order of magnitude 

anything possibly justifiable by fundamentals…

Explanations based on fundamentals… expectations on future 
cash flows under the NPV model account for price volatility
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By historical CAPE the S&P500 still seems overvalued…
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• Price earnings volatility exceed by a large order of magnitude 

anything possibly justifiable by fundamentals…

• Baby-boomer cohort saving-for-retirement effect? Then why bubbles 

show up in stock/housing prices and not bond prices…

(baby-boomers were characterized by exceptionally low savings rate)

• Accelerated productivity? Where did productivity go after 2001? 

(moreover, frequently after a bubble bursts productivity continues 

to grow at a steady pace…)

• “Intangible capital”. If the accrual of better technology and higher 

knowledge was behind the run-up in stock prices of the late 

nineties: How could have it vanished all of a sudden in 2001?

Explanations based on fundamentals… expectations on future 
cash flows under the NPV model account for price volatility
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• Irrationality not related to the standard notions of choice 

consistency and transitivity, but has to do with the willingness to 

trade assets at prices that do not resemble discounted cash flows

• Basis: A number of agents who are consistently unable to figure 

out the mean expected returns of a limited number of assets

• In this context, rational agents will reject trades that exploit 

minor miss-pricing because of the incremental risk coming from 

noise-traders investment decisions…

• The number of investors participating in the run up of asset 

prices is too large to be considered irrational…

Explanations based on irrationality… too many crazy people 
(“noise traders”) trading out there
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Would not be more feasible to think that 

most agents were aware they were trading at 

prices that went beyond fundamentals, but 

went on as long as their expectations were 

that prices would keep on rising and 

expected returns high enough to compensate 

for the additional risk?
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• Infinite periods (otherwise backward induction)

• Bubble can not grow faster than savings

• Positive probability that they will keep on going

(self-confirming belief: asset prices depend on expectations, 

not just intrinsic value/fundamentals)

• For simplicity, we will develop our framework based on the 

assumption that individuals are risk neutral

Settings for the existence of rational bubbles



IESA	  – Rational	  Bubbles 10

Some interesting features of bubbles up to now…

• A transfer mechanism, from somebody in “infinity” 

financing our consumption today…

• In a risk-neutral framework, bubbles (if the exist) must 

yield the same return as stocks/capital (there is no 

equilibrium without capital)

• A bubble grows faster the morel  likely it is to explode…

• The value of firms paying zero dividends… consists 

entirely of a bubble?
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Let’s build a more complex model incorporating some of 
these features (I)

• Two overlapping generation model with constant population.

• Time starts at t=0 and the goes on forever

• Each generation contains a continuum of individuals of size one

• Individuals maximize expected old-age consumption (they do not 

consume anything when they are young)

• Individuals supply one unit of labor when they are young: They care 

only about old age consumption, they save their entire labor income

• The only choice these individuals have to make is how to allocate 

their savings between capital and bubbles.

• Key assumption: Individuals are risk-neutral
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Let’s build a more complex model incorporating some of 
these features (II)

• Output is given by a Cobb-Douglas function:

• Since the young have one unit of labor:

• Assume full depreciation

• Markets are competitive (factor are paid their marginal products):

• Stock of capital moves according to:

• As the young save all their labor income:

• Assuming average efficiency = 1 
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Up to here we have just arrived at the dynamics of 
the Solow model…

1+tk tt kk =+145!

tk

Now we will proceed to remove the assumption of only one asset class 
(physical capital), and introduce a market for bubbles…
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What do we mean by “a market for bubbles”? 

Young can buy bubbles and hold them until 

the next period

We need to ask ourselves under which 

conditions this bubble market will exist?
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Some notation conventions

• stock of old bubbles outstanding at time t

• new pyramid/bubble schemes started at time t

• note that it is defined NOT to include new bubbles created 

at t+1; and that          is just the value at t+1 of the stock of bubbles 

outstanding at period t (previously existing and newly created)

• new bubbles created at t+1

• How is the process of bubble supply?

- Bubble generation will be random (theory is lacking here)

- Think of bubbles are transfer-mechanisms: A guy located at 

infinity will pay for everyone else that bought/sold the bubble before
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Samuelson (1958) – Tirole (1985)

• Two overlapping generation model with constant population

• Time starts at t=0 and the goes on forever

• Each generation contains a continuum of individuals of size one

• Individuals maximize expected old-age consumption (they do not 
consume anything when they are young)

• Individuals supply one unit of labor when they are young: They care 
only about old age consumption, they save their entire labor income

• The only choice these individuals have to make is how to allocate 
their savings between capital and bubbles

• Full depreciation

• Key assumption: Individuals are risk-neutral

• Two asset classes:        fundamentals;        set of all bubbles

• No borrowing and lending, all individuals have identical preferences

• New pyramid schemes  start randomly

=tf =tb
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Samuelson (1958) – Tirole (1985) Equilibrium

• This system of equations is recursive: I can study the behavior of             

and then look at the stock of capital at t+1 

• Any stochastic path in                    satisfying these equations will be 
an equilibrium.
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If             there is one equilibrium with no bubbles (Solow)5.0³a

Equilibrium  Samuelson-Tirole  (1958-1985)
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If          there is two equilibrium, one with bubbles, one without5.0<!

Equilibrium  Samuelson-Tirole  (1958-1985)

0,0%

10,0%

20,0%

30,0%

40,0%

50,0%

60,0%

70,0%

80,0%

90,0%

100,0%

0,
0%

5,
0%

10
,0
%

15
,0
%

20
,0
%

25
,0
%

30
,0
%

35
,0
%

40
,0
%

45
,0
%

50
,0
%

55
,0
%

60
,0
%

65
,0
%

70
,0
%

75
,0
%

80
,0
%

85
,0
%

90
,0
%

95
,0
%

10
0,
0%

Xt

X
t+
1



IESA	  – Rational	  Bubbles 20

Discussion points on Samuelson (1958) – Tirole (1985)

• For an equilibrium with bubbles to exist there must be a dynamic 
inefficiency: Savings > Return from Investment. What does this mean?

• Is the outcome without the existence of bubbles optimal? What are the 
role of bubbles in equilibrium?

• In the Samuelson-Tirol setting bubbles crowd out investment and 
increase consumption… Does that corresponds with reality?

ttt kksk 1!> "" "
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Contribution of Samuelson (1958) – Tirole (1985)

• First to show that bubbles can help to recover market 
efficiency: i.e. there is a role for bubbles (a rational behind their 
existence)

• As bubbles crowd-out investment, they increase the marginal 
product of capital – Result: A stationary bubble can help to 
eliminate the dynamic inefficiency and reestablish the equality

• The bubble in this case acts as a transfer mechanism or 
replicates social contract between the young and the old

• Bubbles surge as a solution to overinvestment
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As Samuelson-Tirole predicts, consumption typically 
increase when a bubble is up…

Source, IMF “When bubbles burst”

Equity bubbles Housing bubbles
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But investment also grows with bubbles, a fact that is not 
captured by the Samuelson-Tirole setting…

Source, IMF “When bubbles burst”

Equity bubbles Housing bubbles
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Samuelson–Tirole is a nice result but something must be wrong…

• Bubbles are not predictable

• Conditions for the existence of bubbles (dynamic inefficiencies) 
although theoretically possible, are not observed (yet bubbles 
exist)

• When bubbles are up, capital investment is typically increasing 
(and the economy growing), while in the Samuelson setting the 
bubble crowds out investment
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It is easy to introduce a stochastic component in bubbles…

{ }
)1()1(

)1.(1
t

N
tt

tt x
xx

pxE
-
+

-
=-+ a

a

{ }
)1()1)(1(1
t

N
tt

tt x
xx

p
xE

-
+

--
=+ a

a

• Change equation 1): Bubbles can burst at anytime with 
probability p
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Samuelson-Tirole with stochastic bubbles
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Martin-Ventura (2011): Can we create a model where 
bubbles are sold to raise money for investment?

• Bubbles can also by sold by the young generation

• There are two different types of young people:

- Productive (P): Invest, get back the MPK

- Less-productive (U): Invest, they get a fraction     of the MPK

(difference (1- ) is lost due to inefficiencies)

• There is a proportion ε of productive (P), (1-ε) unproductive (U)

• There are financial frictions: Borrowing/lending not allowed
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Martin-Ventura (2011) Setting

Unproductive young
0 consumption

100% investment
(capital, bubbles)

1 output =     capital
1 =

Productive young
0 consumption

100% investment
(capital, bubbles)

1 output = 1 capital
1 =

Old generation
100% consumption

Financial frictions: Financial 
markets do not allow 
borrowing/lending between 
these two types of young
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Who will want to demand/supply (buy/sell) bubbles and in which conditions?
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Three basic cases

1) If                                                      no one demand bubbles, 
everybody wants to sell bubbles

2) If                                                    then the less productive 
young demand bubbles, the productive ones supply bubbles

3) If                                                    then no one would like to 
invest in physical capital, everybody will demand bubbles
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Three basic cases

1) If                                                      no one demand bubbles, 
everybody wants to sell bubbles

2) If                                                    then the less productive 
young demand bubbles, the productive ones supply bubbles

3) If                                                    then no one would like to 
invest in physical capital, everybody will demand bubbles
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Equilibrium in Case 2) has three initial first order conditions
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2.1) if

• Productive young will not buy bubbles (they issue instead)

• Unproductive young will be indifferent between investing in 
capital and bubbles, they may hold in equilibrium bubbles 
(created by them) and capital

• Bubble demand (by young unproductive):

• To invest in (bubble supply):

• As unproductive young are indifferent, they will invest some 
(not all) of their wealth in bubbles:
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Equilibrium in Case 2) has three initial first order conditions

2.2) if

• Unproductive young use all their income to buy bubbles

• Bubble demand (by young unproductive):

• To invest in (bubble supply):
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Equilibrium in Case 2) has three initial first order conditions

2.3) if

• Unproductive young use all their income to buy bubbles

• Productive young invest some of their wealth (not all) in 
bubbles, some in physical capital (as they are indifferent)

• Bubble demand (by young unproductive):

• To invest in (bubble supply):

• In this particular case the stock of outstanding bubble is larger 
than unproductive wages, because the productive investors 
may also put some of their wealth in bubbles in equilibrium
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Martin-Ventura (2011): bubble flows (Case 2.2)

Unproductive young
0 consumption

100% investment
(capital, bubbles)

1 output =     capital
1 =

Productive young
0 consumption

100% investment
(capital, bubbles)

1 output = 1 capital
1 =

Old generation
100% consumption
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(0-‐‑δ)	  Effect	  on	  investment

efficiency
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Savings
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efficiency
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To characterize equilibrium we just need to find out the 
new law of motion of kt+1
• If we are in 2.1, were productive investors issue bubbles, and 

unproductive investors invest some of their savings in bubbles 
and some in physical capital:

• If we are in 2.2 or 2.3, unproductive investors do not build 
capital at all, they use all their savings to buy bubbles, and 
capital accumulation equals the savings of the productive 
investors minus the bubbles they purchase:
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To characterize equilibrium we just need to find out the 
new law of motion of kt+1
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• For a given level of initial capital stock and bubbles, a competitive 
equilibrium is a sequence                        satisfying these equations{ }!
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After having introduced all these 

features: Is there any possibility 

a bubble can be expansionary?
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What would be the law of motion of kt+1 in this economy 
if there were no bubbles?
• In the absence of bubbles the law of motion would be:

• Were the average efficiency of the economy equals:

• We have to compare that to:
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The balance is not clear… but there are conditions under 
which a bubble could be expansionary

• We can see in (3) the role of bubbles: The crowding out effect 
(as in Samuelson-Tirol) and the efficiency effect

• The balance is not clear

Looking at (3) we can say that in general:

• If                         then any bubble episode will raise not only 
consumption, but also investment and output, and interest 
rates will go down

• If                         then bubbles are going to be contractionary, 
like the ones we studied before under
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Discussion points on Martin – Ventura (2011)

• Why would firms would not get credit?

• What guarantees my investment? The role of agency cost

• Are bubbles subject to agency costs? Can bubbles be 
appropriated by managers?

• Could bubbles and pyramid schemes be beneficial for the 
overall functioning of the economy?

• Can bubbles help in reducing the cost of capital?


